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The damage accumulation hypothesis is used to derive a fatigue crack growth rate equation. 
The fatigue life of a volume element inside the plastic zone is evaluated by using low-cycle 
fatigue concepts. Crack growth rate is expressed as a function of cyclic material parameters 
and plastic zone characteristics. For a given material, crack growth increment is predicted to 
be a fraction of the plastic zone size which can be expressed in terms of fracture mechanics 
parameters, K and J. Hence, the proposed growth rate equation has a predictive capacity and 
is not limited to linear elastic conditions. 

1. Int roduct ion 
Fatigue crack propagation (FCP) has been of interest 
to researchers from various disciplines, namely material 
scientists, mechanical engineers, and fracture mechan- 
ics specialists. Material scientists have been primarily 
concerned with the mechanisms of FCP and have 
placed the emphasis on microstructure, while others 
have attempted to develop models which could predict 
the FCP lives of cracked bodies using continuum 
concepts. 

It has been a usual practice to correlate crack 
growth rate with some function of the stress intensity 
factor range, AK, ever since Paris and Erdogan [1] 
proposed a growth rate equation of the following 
form 

d l /dN  = C ( A K )  m (1) 

where I is the crack length and N the number of cycles. 
C and m are regarded as material constants and the 
latter is a more important parameter because it indica- 
tes the stress range dependence of the growth rate. 
Equation t, known as the Paris (or Paris-Erdogan) 
law, has enjoyed a tremendous popularity due to its 
simplicity and wide-range applicability. It has had a 
significant impact on FCP research and the theories 
that followed were almost invariably addressed to its 
derivation using different physical criteria for crack 
extension. 

Several FCP theories are based on the geometrical 
consequences of the crack tip deformation to predict 
crack growth rates. McClintock [2] postulated that the 
crack growth increment should be related to the crack 
tip opening displacement (CTOD) and reported cor- 
relation between striation spacing and CTOD data. A 
relation between crack growth increment and CTOD 
was suggested and derived by other investigators 
[3-11] who have used the plastic blunting process [12] 
of FCP or its versions in their analyses. It was initially 
indicated that the crack advance per cycle should be 
approximately one-half of the CTOD with all the 
plastic deformation occurring at the crack tip. How- 

ever, the crack increment was experimentally shown 
[13] to be a very small fraction of the CTOD in the 
linear elastic range. Apparently, the contribution of 
the crack tip plastic deformation to crack growth is 
small compared to the CTOD it creates under linear 
elastic conditions. Kuo and Liu [8] argued that only a 
fraction of the crack tip plastic deformation results in 
crack propagation. According to their model, the slip 
activities behind the crack tip contribute to crack 
opening but do not cause crack growth~ 

A large number of FCP theories are not based on a 
specific mechanism in contrast to the COD theories. 
Among these are "energy balance" and "damage 
accumulation" models. Energy balance hypothesis 
has its origin in the classical work of Griffith [14] 
which is applicable only to perfectly brittle materials. 
FCP in metals is often accompanied by plastic defor- 
mation and energy is dissipated in deformation pro- 
cesses in addition to new surface creation. In fact, the 
latter can be neglected in ductile materials. The energy 
input must be greater than or equal to the energy 
dissipated in the form of heat together with the forma- 
tion energies of the crack tip plastic zone and new 
crack surface for a fatigue crack to extend. This con- 
cept, in one form or another, has been used [15-19] in 
the derivation of crack growth rate equations. 

The "damage accumulation" concept has also been 
very popular in FCP studies. Because stresses, which 
are safe when applied only once, result in failures 
upon repeated application, it is tempting to think that 
some sort of damage accumulation takes place in each 
stress cycle. It is assumed in damage accumulation 
theories that fracture occurs when the cumulative 
damage at the crack tip, at any stage of the propaga- 
tion, reaches a critical value. With a damage par- 
ameter, D, a common crack extension criterion can be 
formulated as 

Z D = Dc (2) 
n 

where n is the number of fatigue cycles, D is the 
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damage increment per cycle and Do is the critical value 
of the damage parameter. Plastic strain [20-27], dis- 
placement [28-31], and plastic work [32-35] terms 
have been selected as the damage parameter in various 
analyses. 

A group of damage accumulation theories have 
incorporated low-cycle fatigue (LCF) concepts into 
modelling of FCP. Liu et al. [21, 22] combined the 
Coffin [36]-Manson [37] law and Miner's rule [38] and 
considered a volume element which is deformed with 
increasing strain amplitudes while traversing the plas- 
tic zone. Their results indicate that FCP resistance of 
a material is related to its cyclic ductility. Many ver- 
sions [23-26] of their model have been introduced, 
predicting that crack growth rate is controlled by cyclic 
and tensile properties. Chalant and Remy [39] recently 
incorporated metallurgical considerations into the 
LCF approach to FCP. They concluded that the valid- 
ity of these models is confined to the low crack growth 
rates and a crack grows with plastic stretching mech- 
anisms at high growth rates. 

In the present analysis, an attempt is made to derive 
a crack growth rate equation using LCF approach to 
FCP. The objectives of this work can be listed as 
follows: 

(1) to provide a plausible and qualitative descrip- 
tion of ductility exhaustion model of crack advance; 

(2) to express crack growth rate as a function of 
material parameters and variables which are easy to 
measure or readily available, while restoring a predic- 
tive ability. 

2. Modelling of fatigue crack 
propagation 

The model proposed is based on the premise that a 
volume element along the crack trajectory fractures 
when its ductility is exhausted. Owing to the nature of 
crack tip strain distribution, this volume element is 
more likely to be at the crack tip adding its size to the 
crack length when it fractures. However, the possibil- 
ity of microcracking ahead of the crack tip always 
exists. The ductility along the crack trajectory varies in 
the case of non-homogeneous media. Microcracks 
may form at brittle microstructural constituents ahead 
of the crack tip under damage accumulation con- 
ditions. This, however, will be considered as an excep- 
tion and homogeneous microstructure will be assumed 
in the present analysis. This assumption is valid 
because microcracking ahead of  the crack tip is not 
the mechanism with which fatigue cracks propagate in 
metals, but occurs only occasionally. 

It is presupposed in all damage accumulation 
models that there is a plastic enclave at the crack tip. 
Without a crack tip plastic zone the process of damage 
accumulation cannot be accounted .for. It is also 
assumed in the present analysis that: 

(1) the crack propagates under a constant driving 
force. This directly implies that the crack growth 
increment and plastic zone size remain constant 
during crack propagation and the crack tip strain field 
is translated only; 

(2) the crack propagates every cycle. 
A volume element deforms only elastically away 

from the crack tip. It starts experiencing plastic strains 
when it enters the crack tip plastic zone. When it does, 
it can be viewed as a low-cycle fatigue specimen which 
is damaged permanently every cycle as the deforma- 
tion inside the plastic zone is both mechanically and 
thermodynamically irreversible. The present model 
evaluates the fatigue history of such an element along 
the crack trajectory from the moment it crosses the 
plastic zone boundary until it arrives at the crack tip 
where it fractures. 

Consider an element, "A",  which has just entered 
the plastic zone (Fig. la). "A"  is approached by the 
crack tip every cycle and experiences larger and larger 
plastic strains as it traverses the plastic zone. After 
(n - 1) fatigue cycles, the crack tip arrives at "A"  
which fractures the next cycle (Fig. le), causing the 
crack to grow by Al. n cycles have elapsed from the 
moment "A"  enters the plastic zone until it fractures 
at the crack tip. In the meantime, the crack tip travels 
a distance rp. Hence, crack advance per cycle can be 
expressed as 

A t  = rp/n (3) 

where rp is the monotonic plastic zone size in the crack 
growth direction, rp can be calculated from fracture 
mechanics or from various empirical relations [40] 
which have resulted from experimental studies, n 
represents the fatigue life of "A"  which is considered 
as a low-cycle fatigue specimen. Accordingly, it can be 
evaluated by employing Miner's rule to account for 
the accumulation of damage within "A"  during fat- 
igue cycling and the Coffin-Manson law as a fracture 
criterion. 

"A"  experiences a different and larger plastic strain 
amplitude (PSA) every cycle. Because "A"  has a finite 
size (AI), an average PSA will be assigned to its suc- 
cessive positions while traversing the plastic zone with 
an increasing number of cycles (Fig. 2a). As it spends 
only one cycle at each PSA, Miner's rule for the 
present situation can be written as 

I/NF, + I/NF2 + . . .  + t / N v ,  = ~ 1/NF, = 1 
i = 1  

(4) 

NF~ is the number of fatigue cycles it would take "A"  
to fracture if it were fatigued at a constant PSA, ei 
(Fig. 2b). n, on the other hand, takes into account the 
accumulation of damage introduced at increasing 
strain levels under low-cycle fatigue conditions. The 
value of n is such that Equation 4 is satisfied and is 
likely to be smaller than ( N  w - Nv , ) .  However, n can 
be equal to ( N w  - NF,)  when the crack growth incre- 
ment, i.e. size of "A"  in the crack growth direction, is 
infinitesimal. Hence, we can express n as 

n = c~ ( N F I  - -  N F . )  (5) 
where c~ is a proportionality constant which is smaller 
than or equal to 1. c~ can be evaluated very accurately 
from the following approximation 

1/NFi 
i = 1  -~ (6) 

f N NFI 
F° ( 1 / N F )  dNF 
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Figure 1 The deformation history 
of a material element inside the 
plastic zone of a propagating fat- 
igue crack. 
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Figure 2 (a) The plastic strain amplitudes (PSA) experienced by a material element as it traverses the plastic zone, and (b) the corresponding 
low-cycle fatigue lives. 
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Assuming exact equality, analysis of Equation 6 yields 

1 
c~ - ( 7 )  

In (NFI /NFn)  

By substituting this expression for e in Equation 5, we 
obtain 

NF1 - -  NFn 
. - ( 8 )  

In (NH/NF,) 

NF, and Nv,, are associated with the start and the end 
of low-cycle fatigue life o f " A " ,  respectively. They can 
be expressed in terms of low-cycle fatigue properties 
by employing the Coffin-Manson law 

Nvi = (C/e,) 'I¢ i = 1, n* (9) 

where C and /3 are fatigue ductility coefficient and 
exponent, respectively. Combining Equations 3, 8, 
and 9, we obtain the following expression for crack 
advance per cycle 

In (eF/•pZB) 
Al = rp flCl/~ [1/@pzB)l//~ _ 1/(~:v)l//~] (10)  

eF and epzB are the PSAs experienced at the crack tip 
and the plastic zone boundary, respectively. Equation 
10 expresses crack growth rate as a function of plastic 
zone size (rp), crack tip strain distribution (eF, epzB) , 
and low-cycle fatigue properties (fl, C). It can be 
rewritten simply as 

dl /dN = f~ (ev, epzB,/3, C) rp (11) 

The crack growth rate is predicted to be indepen- 
dent of the details of the strain distribution inside the 
plastic zone. It is affected only by the boundary values 
of this distribution at the crack tip and at the plastic 
zone boundary. For a given material, the factors that 
control crack growth rate are obviously all related to 
the crack tip plasticity, because fl and C are constants. 

The plastic zone size, rp, is usually correlated with 
the stress intensity factor, K, assuming that the plastic 
zone is small compared to the crack length [40]: 

rp = c o n s t a n t  (Kmax/O'y) 2 (12) 

Kin, X is the maximum stress intensity factor and ay is 
the yield strength of the material. When the plastic 
zone is large enough to be comparable to the crack 
length, J replaces K as the stress intensity parameter 

rp = constant (E/ffXy)Jmax (13) 

E is Young's modulus and Jm,x is the maximum energy 
release rate. Incorporating these expressions for the 
plastic zone size in Equation 11, we obtain 

dl /dN = f2@F, ePZB, O'y, j~, C) KZm~x (14a) 

dl/dN = f3(ev, e~,ZB, ay, E, fl, C) Jm~x (14b) 

for linear elastic and elastoplastic crack extension 
processes, respectively. In addition to/3 and C, ~y and 
E are material parameters which are also independent 
of the crack propagation process. Because the crack 
tip strain field experiences only translation when the 
driving force for FCP (Km,x or Jm,x) is constant; eF and 

epzB are also invariant with respect to FCP. This 
results in a constant crack growth rate as expected. In 
real life, however, cracks very seldom propagate under 
constant driving-force conditions. The intensity of 
the stress-strain field ahead of the crack tip usually 
increases with crack propagation, causing the crack to 
accelerate. The movement of the crack tip plastic zone 
(CTPZ) cannot be characterized simply in terms of 
translation alone under such circumstances. The argu- 
ment that the critical strain at which crack advances 
(~V) remains constant throughout the crack propaga- 
tion life may not be valid when the evolution of the 
CTPZ involves expansion and distortion in addition 
to translation. It is well established that the residual 
stresses at the crack tip are dictated by the CTPZ 
geometry. Stresses which are opposite in sign to those 
applied often develop at the crack tip when the plastic 
enclave, which experiences expansion at least in the 
loading direction, tries to fit within the elastic sur- 
rounding upon unloading. Compressive residual 
stresses, for example, are commonly encountered in 
tension-tension fatigue and affect the kinetics of crack 
propagation. It is well known that the capacity of 
materials for plastic deformation increases significantly 
in the presence of compressive stresses. The magnitude 
of these stresses and its variation with crack propaga- 
tion is very much a function of the plastic zone evolu- 
tion. The above discussion suggests that ~F may be 
increasing with crack propagation unless the crack 
driving force is maintained constant. On the other 
hand, the plastic strains in the vicinity of the PZB are 
not affected by increasing crack length to a significant 
extent. Increasing stress intensities simply move the 
PZB further away from the crack tip. Hence, we can 
state that the change in epzB with crack propagation, if 
any, can be neglected. ~v and epzB, can either be 
obtained experimentally (extrapolation may be 
necessary for the estimation of ev !) or calculated from 
the analysis of plastic flow behaviour of materials [34]. 
For a given material, it is possible to predict crack 
growth rates with fracture mechanics parameters by 
using Equations 14a and b. 

3. D i s c u s s i o n  
Various shapes have been reported [40, 41] for the 
crack tip plastic zones. Sometimes, the plastic 
deformation that accompafiies FCP takes place on 
two sides of the crack, leaving the material directly 
ahead of the crack tip undeformed (Fig. 3). When it 
does, the damage accumulation hypothesis cannot be 
valid because the crack will be propagating through a 
region which shows no signs of damage or damage 
accumulation. Other mechanisms such as the plastic 
blunting process could be responsible for crack exten- 
sion in those cases. The model introduced here, pre- 
supposes that the material in front of the crack tip is 
deformed. Transmission electron microscopy studies 
of the crack tip region [42] have shown that the dis- 
location configurations in this region resemble those 
of tow-cycle fatigue specimens, fatigued to saturation. 

*The subscripts I and n refer to the conditions at the plastic zone boundary and at the crack tip, respectively. Therefore, 1 will be replaced 
with PZB, (plastic zone boundary) and n with F (fracture) from here on. 
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Figure 3 Fatigue crack propagation by crack tip slip activities and 
the resulting plastic zone configuration, 

Crack tip cell structure is typical of  high-plastic-strain 
amplitudes with a gradual change to lower-amplitude 
configurations away from the crack tip. Hence, the 
low-cycle fatigue approach to the modelling of FCP is 
an accurate one when the crack tip is deformed. 

In the present analysis, the crack growth increment 
is predicted to be a fraction of the plastic zone size. 
Because material elements start experiencing plastic 
strain amplitudes as soon as they cross the monotonic 
plastic zone boundary, Kma x (Jmax) instead of AK (A J)  
appears in the growth rate equation. However, K~ax 
and AK are simply related according to 

/(max = AK/(1 - R) (15) 

where R is the ratio of the minimum to maximum 
stress intensity factor. So, Equation 14a can be 
rearranged in the following form 

dl/dN = f4(eF, 8pZB, fly, fl, C, R) AK 2 (16) 

to account for the mean stress effects. 
A linear relationship between crack growth rate and 

plastic zone size naturally yields a second-power 
dependency on the stress intensity factor range. There 
is a large number of FCP theories that predict a 
second-power Paris Law. The COD theories [2-11] 
and the damage accumulation model with critical 
strain criterion [20-27] are among them. Cumulative 
displacement and plastic work theories [28-35], on the 
other hand, result in a fourth-power relationship. 
Considering the variance of existing experimental 
results, it is always possible to find a set of  FCP data 
that supports a particular view. Therefore, experi- 

mental data correlation was not attempted in the 
present work. 

4. Conclusion 
The damage accumulation hypothesis is used to derive 
a FCP rate equation. Crack growth rate is expressed 
as a function of cyclic material properties and crack 
tip plastic zone characteristics. For a given material, 
crack advance per cycle is predicted to be linearly 
related to the plastic zone size. The latter can be 
expressed in terms of stress intensity parameters, K 
and J. Hence, the rate equation presented is not lim- 
ited to linear elastic conditions but can also be applied 
in the elastic-plastic range. 

References 
t .  P. PARIS and F. ERDOGAN, J. Bas. Engng 85 (1963) 

528. 
2. F. A. McCLINTOCK, "'Fatigue Crack Propagation", STP 

415 (American Society for Testing and Materials, Philadel- 
phia, 1967) p. 170. 

3. R. M. PELLOUX, Engng Fracr Mech. 1 (1970) 697. 
4, R. J. DONAHUE, H. McI, CLARK, P. ATANMO, 

R. KUMBLE and A. J. McEVILY, Int. J. Fract. Mech, 8 
(1972) 209. 

5, K. SCHWALBE, Int. J. Fract. 9 (1973) 381. 
6. R. W. LARDNER, Phil. Mag. 17 (1968) 71. 
7. B. TOMKINS, ibid. 18 (1968) 1041. 
8. A. S. KUO and H. W. LIU, Scripta MetalL 10 (1976) 

723, 
9. T. YOKOBORI, S. KONOSU and A. T. YOKOBOR1, 

"Proceedings 4th International Conference on Fracture" Vol, 
2 (University of Waterloo Press, Waterloo, 1977) p. 665. 

I0, A. J. McEVILY, "Fatigue Mechanisms: Advances in 
Quantitative Measurement of Physical Damage", STP 811 
(American Society for Testing and Materials, Philadelphia, 
I983) p, 283. 

II. D. L. DAVIDSON, Acta Metall. 32 (1984) 707. 
12. C. LAIRD and G. C. SMITH, Phil. Al~g. 7 (1962) 847. 
13. J. N. ROBINSON and A. S. TETELMAN, "Fracture 

Toughness and Slow Stable Cracking", STP 559 (American 
Society for Testing and Materials, Philadelphia, 1974) p. 139, 

14, A. A. GRIFFITH, Phil. Trans. R. Soc. London 221A 
(1920) 163. 

15. v. GALLINA, C. P. GALOTTO and M. OMINI, Int. J. 
Fract. Mech. 3 (1967) 37. 

16. K. N. RAJU, ibid. 8 (1972) 1. 
17, G. P. CHEREPANOV and H. HALMANOV, Engng 

Fract. Mech. 4 (1972) 219, 
I8. A. K. CHAKRABARTI, ibid. 10 (1978) 469. 
19. P. E. IRVING and L. N. McCARTNEY, Met. Sci. 11 

(1977) 351. 
20, F. A. McCLINTOCK, "Fracture of Solids" (Wiley, New 

York, 1963) p. 65. 
21. H. W. LIU and N. LINO, "Proceedings of the 2nd Inter- 

national Conference on Fracture" (Chapman and Hail, Lon- 
don, 1969) p. 812. 

22. K. R. LEHR and H. W. LIU, Int. J. Fract. Mech. 5 
(1969) 45. 

23. W. G. FLECK and R. B. ANDERSON, "Proceedings of 
the 2nd International Conference on Fracture" (Chapman 
and Hall, London, 1969) p. 790. 

24. K. H. SCHWALBE, Engng Fracr Mech. 6 (1974) 325. 
25, S. MAJUMDAR and J. D. MORROW, "Fracture Tough- 

ness and Slow-Stable Cracking", STP 559 (American Society 
for Testing and Materials, Philadelphia, 1974) p. 159. 

26. S. B. CHAKRABORTTY, Fat. Eng. Mater. Str. 2 (1979) 
331. 

27, J. K. TIEN and S. PURUSHOTHAMAN, Mater. Sci. 
Engng 34 (1978) 247. 

28. J. WEERTMAN, lnt. J. Fract, Mech. 2 (1966) 460. 
29. P. T. HEALD, ibid. 4 (1968) 365. 

2097 



30. B. A. BILBY and P. T. HEALD, Proc. Roy. Soc. 305A 
(I968) 429. 

31. L. N. McCARTNEY and B. GALE, ibid. 333A (t973) 
337. 

32. H. W. LIU, J. Bas. Eng. 85 (I963) 116. 
33. P. C. PARRS, "Proceedings of  the 10th Sagamore Con- 

ference" (Syracuse University Press, 1965) p. 107. 
34. J. R. RICE, "Fatigue Crack Propagation", STP 415 

(American Society for Testing and Materials, Philadelphia, 
1967) p. 247. 

35. S. CHAND and S. B. L. GRAG, Engng Fract. Mech. 21 
(1985) 1. 

36. L. F. COFFIN Jr,, Appl. Mater. Res. 1 (1962) 129. 
37. S. S. MANSON, Exp. Mech. 5 (1965) 193. 

38, M. W. MINER, J. AppL Mech. 12A (1945) t59. 
39. G. CHALANT and L. REMY Engng Fract. Mech. 18 

(I983) 939. 
40. J. LANKFORD,  D. L. DAVIDSON and T. S. COOK, 

"Cyclic Stress-Strain and Plastic Deformation Aspects of 
Fatigue Crack Growth",  STP 637 (American Society for Test- 
ing and Materials, Philadelphia, 1977) p. 36. 

41, B. Z. WEISS and M. R. MEYERSON, Engng Fract. 
Mech. 3 (1971) 475. 

42. M. A. WILKINS and G. C. SMITH, Acta Metall. 18 
(1970) 1035. 

Received 7 April 

and accepted 5 September 1988 

2098 


